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Abstract

We consider solutions to general linear dynamic systems, possibly
singular and non square with general stability conditions. Besides con-
structing a general algorytm for finding solutions we provide necessary
and sufficient conditions for existence of a solution.
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1 Introduction

In this paper we present a method of solving linear rational expectations
models. The method is based on computing deflating subspace associated
with an appropriate matrix pair. Such a procedure is common for most of
the methods of solving linear rational expectations models, i.e. Uhlig, (1995),
Sims, (2001), Hansen, McGrattan and Sargent (1994), Blanchard and Kahn
(1980). Existing methods can however be applied only to small subset of
linear systems. One of the exception is the method proposed by Sims (2000)
which can be applied to any regular system. These methods are based on
generalized Schur decomposition or QZ decomposition, which are known to
be numerically stable for any regular matrix pair, but numerically unstable
for singular matrix pairs. In this way these methods cannot be extended
directly to singular problems.

In this paper we propose generalization of the method proposed by Sims
which allow us considering nonsingular systems, in particular rectangular
linear systems. This method is based on the GUPTRI decomposition pro-
posed by Demmeland and Kagstrom, (1993), a generalization of generalized
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Schur decomposition for any matrix pair. Besides a standard solution, pro-
posed method allows also for considering systems with many equilibria. Such
a systems allow for sunspot equilibria in which non-fundamental stochastic
disturbances influence model dynamics. The proposed method can deliver
set of all sunspot equilibria.

Presented method is a generalization of the Sims algorithm also in an-
other important dimension, i.e. we analize stability conditions (boundary
conditions at infinity) more carefully. In case of general stability conditions
there may exists solution to the model which cannot be constructed by appro-
priate selection of eigenvalues in the generalized Schur decomposition or the
GUPTRI decomposition. This possibility is not considered in Sims, (2001).

The rest of the paper is organized as follows. Section 2 states the problem.
Section 3 presents definitions and basic results from computational linear
algebra. Section 5 presents properties of eigenvectors of a matrix pair. In
section 6 we consider a matrix equation associated with the problem. Sections
4 and 7 present the method for solving the problem. Section 7 provides also
necessary and sufficient conditions for existence of solution to the problem.
Section 8 concludes.

2 The Problem

Let us consider the following linear system
0= A1z + Asys + Bixi11 + Bayr + Et{ClxtH + C2yt+1}+€t+1 (1)

where x € R" is a vector of state variables, y € R™ is a vector of control
variables and {e;y; € R®} is a vector of i.i.d. random variables, such that
E{e1} = 0. Operator F; is a conditional expectation under information
set I} = {xs,ys, ws; s < t}, which consists of all state and control variables
up to period t as well as additional variables, w;, discussed later.

Definition 2.1. Solution to the problem (1) is defined as a set of, possibly
time dependent, maps {Y:, P }2,

V;:R"> 2z~ y=Y(z) e R"
and transition matrices

P :R" > — 21 = P () €R”



such that
Tip1 = P ()
0= Ax(t) + AYi(x) + Bixppr + BoYig1 (Te41)

+ E{Cizi41 + CoYi (T41) } + €1
for each v, € R™, ¢,.1 € R®, and for each t.
Definition 2.2. The solution {Y;, P}, is called linear if

Y (2y) = Y1z, + Youwy

Pi(x;) = Pivy + Powy + Pyery + Py
where wy € RP and

W1 = S12¢ + Sowy + Vi

and vir1 18 an i.i.d. random variable, possibly dependent on €.

Assumption 2.3. We are looking for linear solutions to the system (1) such
that for given matrices H and = the following growth restriction holds

lim EO{EtH { T } }: 0 (3)

t—o00 Yt

for any xo and wy, where, = = diag(&y, ..., &) € R¥* is a diagonal matriz,
H e RFntm,

The problem (1) can be represented in the following form

OZA[xt ] +B{xt+1 ] + Wit
Y Yir1

lgt{.%t 1} — Tt4+1
w=[C C + €1t
i [ ! 2 } |: Et{yt—i-l} Yt+1 S+

where
A:[Al Ag] B:[Bl+01 B2+C2j| (4)

If {Y;, B}32, is a linear solution in the form (2) such that (3) holds then

Top1 — B{wi} = Pserpr + Pavigr, Yey1 — Ee{ye} = Yi(Pserpr + Paveg) +
Yovgq 1 and

. I 0 . I 0 P1 PQ Tt ~
(ol 2ol a8 Bz
W1 = (I — (Cy + CoY1) Py)err1 — ((Cr + CoY1) Py 4 CoYa) v

Conditions (5) must be fulfilled for each w;, wy, €41, V1. In this way we
have the following theorem:



Definition 2.4. Let U = col(U,, U,) is a partition of the matriz U, such
that the matriz U, consists of the first n rows of the matriz U, where n is a
dimension of the vector of state variables, x;.

Theorem 2.5. If there exists a linear solution {Y;, P;}:°,, such that (3) holds
then there exist matrices U, Q) satisfying

AU = BUQ
matrices Uy, [C1, CslU, have full row rank and the matriz Q) satisfies

lim S HUQ = 0 (6)

t—o0

(10 [P P
o=[v o-[5 &
Then, from (5), AU = BUQ, U, has full row rank and @) satisfies (6). Observe
that

Proof. Let

I
I:(Cl—FCQYi)pg:[Cl 02]U|:0‘|P3

because the identity matrix I has full rank, thus also the matrix [C}, Cy|U
has full row rank. O

3 Preliminaries

In this section we present definitions and some basic results from compu-
tational linear algebra.

Definition 3.1. Let us denote by null A, where A is any matriz, an orthonor-
mal basis of the null space of A.

Definition 3.2. Let A € R™*" is any matriz. Let us denote
dim; A =m dimy A =n

Theorem 3.3. The Moore-Penrose pseudoinverse. For each matriz
A € R™ " there exists an unique matrix X € R™™ ™ such that

AXA=A  XAX=X  (AX)=AX (XA =XA

this matriz X is denoted as A'.



Proof. See [5]. O
Proposition 3.4. If a matriz A € R™ " has ful row rank, then AA! = 1.

Proof. We have AATA = A, thus A’(AAT — I) = 0. Since ker A = 0, thus
AAT = 1. O

Theorem 3.5. The singular value decomposition (svd). For each ma-
triv A € R™*"  there exist matrices U, V', D, such that

A=UDV'

where D € R™*™ 4s a diagonal matriz with only nonnegative diagonal ele-
ments sorted in decreasing order, and U, V' are orthogonal matrices.

Proof. See [5]. O

Definition 3.6. A matriz pair (A, B) is called reqular if A and B are square,
and det(aA — BB) # 0 for some (a,3) € C*. Otherwise, the matriz par
(A, B) is called singular. A pair (a,3) € C*\{(0,0)} is said to be an eigen-
value of (A, B) if det(aA—BB) = 0. If a # 0, then, the pair («, 3) represents
a finite eigenvalue A = B/a of the par (A, B). The pair (0, 3) represents an
infinite eigenvalue of (A, B).

Definition 3.7. Let A € R™*" B € R™ ", For any A € C a vector o =0
is called an eigenvector of order k = 0 of the matriz pair (A, B) associated
with the eigenvalue \.

A wvector xy is called an eigenvector of order k, k > 1, of the matrix pair
(A, B) associated with the eigenvalue X if there exists an eigenvector of order
k — 1 of the matriz pair (A, B) associated with the eigenvalue A\, xp_1, such
that Az, = \Bxy + Bxj_1.

Proposition 3.8. Consider a matrixz pair (A, B) and invertible matrices P,
Q. Let A= PAQ, B = PBQ. If xy is an eigenvector of order k of the matrix
pair (A, B) associated with an eigenvalue X, then Q™ 'xy, is an eigenvector of
order k of the matriz pair (A, B) associated with an eigenvalue .

Proof. Let m = 1 and let z,, is an eigenvector of order m of (A, B) associated
with the eigenvalue \. Then P~1AQ 'z, = \P~'BQ'x,,. Thus Q 'z, is
an eigenvector of order k& = 1 of (A, B) associated with the eigenvalue A.
Let for m = 1,...,k — 1 if z,, is an eigenvector of (A, B) of order m asso-
ciated with the eigenvalue A, then Q 'z, is an eigenvector of order m of
(A, B) associated with the eigenvalue A. Then there exists an eigenvector
of order y;_; such that P~*AQ 'z, = \P~'BQ 'z, + P'BQ 'y,_,. Thus
AQ 'z, = ABQ 'z, + BQ 'y,_. By the assumption Q 'y,_; is an eigen-
vector of order k — 1 of (A, B), thus also Q 'z is an eigenvector of order k
of (A, B) associated with A. O



Theorem 3.9. The generalized Schur decomposition. For each matri-
ces A, B € R there exist orthogonal matrices U, V , and real matrices Ry,
Rpg, such that Rp s upper-triangular, R s quasi-upper triangular and

AU =V Ry BU =V Rg
Additionally, eigenvalues of R4, Rp can be sorted in any order.
Proof. See [5]. O

Theorem 3.10. The Kronecker decomposition. For each matriz pair
(A, B), where A, B € R™*" there exists a canonical representation

PAQ = diag{G,, I, Jy, HnT}

L T (7)
PBQ = diag{ H,, Jo, I, G, }

where:
1. G, H. e R, Jo e RW*H Jp e C HE GE e R,
2. matrices P, () are invertible.

3. G, = diag{Ga,...,Gy}, H. = diag{Hu,...,Hy}, G = diag{G?

nl
.,Ggq}, Hg = diag{HZ;, ce Han}, where G; and H; are i x (i+ 1),
1 > 0, matrices
0 1 1 0
0 1 1 0

4. Joo = diag{J,1(0),..., Jus(0)} and J;(0) is the Jordan block of order
t corresponding to the null eigenvalue. Notice, that the matriz Jy, is
nilpotent.

5. Jy is a matrixz in the Jordan canonical form.
The matrix par is regular iff PAQ = diag{I, J;}, PBQ = diag{J,}.
Proof. See [4]. O

Theorem 3.11. The GUPTRI decomposition. For any matrix pair
(A,B), where A,B € R™*"  there exist orthogonal matrices P € R™*™
Q € R™"  such that

A, % * B, *
PAQ=| 0 A = P'BQ=| 0 By *
0 Al 0 Bl



where the asterisk denotes arbitrary conforming submatrices. The matrix pair
(Ayeg, Breq) is regular and has the same regular structure (i.e. contains all
finite and infinite eigenvalues of (A,B)) as (A,B). The rectangular blocks
(A, B,.) and (A, By) contain the singular structure, right and left minimal
indices, of the pair (A, B) and are block quasi-upper triangular.

Proof. See 2], [3]. O

4 The matrix equation AU = BUX

Proposition 4.1. The only eigenvector of the matriz pair (I, Js) is x = 0.
The only eigenvector of the matrix pair (HWT, Gg) isx = 0.

Proof. By simple calculations. m

Proposition 4.2. Let L, € R is a matriz, that contains zero on all po-
sittons except the k-th position, and one on the k-th position. Then Ly is
an eigenvector of order k the matriz pair (G, H) associated with eigenvalue

A=0.
Proof. By simple calculations. O

Theorem 4.3. Consider a matrixz pair (A, B). There exists a matriz W, such
that for all matrices U, ¥, satisfying AU = BUY. and lim;_~ ., 2 HUY! = 0,
there exist a matriz A, such that U = WA.

Proof. Consider the Kronecker decomposition of the matrix pair (A, B),
PAQ = A, PBQ = B, where A, B are in canonical form (7). Let ma-
trices U and ¥ satisfy assumptions. Consider the Jordan decomposition of
the matrix ¥, ¥ = VXV !, where ¥ is in the Jordan canonical form. By
assumption

lim Z'HUVY! =0

t—>00
Let & = diag(il,ig,...,iq), where ¥; is a Jordan block and let V =
V1, Va,...,V,] is corresponding partition of the matrix V. Then for i =
1,2,...,q we have lim;_ o Z'HUV; %! = 0. Let ); is an eigenvalue of ;. We
have

r 1 (i) )\;1 L (mit_l) )\i—mi—i-l -
0 1
f (N
0 0 1 |




where m; is size of the Jordan block X;. If for j € {1,2,...,k} we have
limy 500 EEAL = 0, then also limy_ s MELH;UV;E; = 0, because X is a poly-
nomial with respect to ¢t. If lim, < §§A§ # 0 then lim; . H;UV;¥y = 0.
Partitioning H;UV; on columns and multiplying H,;UV; and ¥;; we can see
that H;UV; = 0. Let V/ is the p-th column of V;. Observe that UV is an
eigenvector of (A, B) of order p associated with the eigenvalue A;.

Thus, UV consists of eigenvectors associated with eigenvalue J\;, such
that for each j € {1,2,... Kk}, lim;_~o A, = 0 or H;UV; = 0.

We have

G.o o o [0 H 0 0 0 ][0
0 I 0 0 U2 | 0 Je 0 0 02 | &
0 0 Jr 0 ugrl 0 0 I 0 Uus |
00 0 H'| |0 0 0 0 GI| |
where U; = Q~UV;. Thus
G.U! = HU'S, Ul = J,.0%
JUE = UPS HIT! = GTUMS,

From (4.1) we have U? = 0, U} = 0.

Let p;, 4 € {1,2,...,r} are distinct eigenvalues of J;. Let ¢ € {1,2,...,r}.
Let J; = {j € {1,2,...,q} : |&u] > 1} and H’i is a matrix that consists
of rows of the matrix H with index belonging to the set J;. Let columns of
a matrix ®! span the space of eigenvectors of order 1 of (A, B) associated
with the eigenvalue y; belonging to ker H'i. For k > 1 let columns of a
matrix q:)f span the space of eigenvectors, x, of order k of (A, B) associated
with the eigenvalue y; belonging to ker H”i, such that there exist a matrix
11, satisfying Az = \;Bz + BOFI;. Let ®; = [®, ..., ®™], where m is such
a number that each eigenvector of (A, B) associated with the eigenvalue \;
has order lower or equal to m. Let &y = Q col(1,,0,0,0), where I, € R is
an identity matrix. Finally let ® = [i)O, Py, Do, ..., (fk]

Let i € {1,2,...,k}. Then for each j € {1,2,... k}, lim;_soo §GA; = 0 or
H;UV; = 0. All columns of UV; are eigenvectors of (A, B) associated with \;
and UV; € ker H”i. If ); is not an eigenvalue of J;, then U? = 0, and there
exists a matrix A;, such that UV; = ®pA,;.

Let \; = py for some [ € {1,2,...,r}. Consider the first column of V;.
The vector UV} is an eigenvector of (A, B) of order 1. From the definition of
®! we obtain that there exists a matrix A} such that UV;! = ®}Al. Assume
that for & — 1 > 1 there exists a matrix A*~! such that UV}~ = @F~1AK-1,
Then we have AUV} = 1, BUVF + BUVF™! = 1,BUVE + BOF A1, Then,

9



from the definition of <I>k we obtain that there exists a matrix Ak such that
UVF = CIJI“A’“ In this way we have proved that there exist a matrix A, such
that UV, = <I>A Thus U = ®A, where A = [Ay, Ay, ..., ALV O

5 Maximal solution

5.1 Singular pencil

If a pencil (A, B) is singular then generalized Schur decomposition is
not reliable. Small perturbation of matrices A, B may drastically change
eigenvalues of (A, B). In this case we use GUPTRI decomposition.

Let consider GUPTRI decomposition of a matrix pair (A, B)

AU =V Ry BU =V Rpg

where R4 and Rp are in GUPTRI canonical form. Let A%, AP are i-th
eigenvalues of regular blocks A,., and B,, respectively. Let \; = A{‘ / )\? and
let A is a set of all distinct finite eigenvalues \;. Let ¢ is a size of the set \.
Consider the i-th eigenvalue belonging to the set A, p;. Let us sort eigen-
values of A,., and B,, in such a way, that all eigenvalues y; appears in left
upper block of A,., and B,.,. Then
Aiz *
Al = | =AU U; U]

0

A

(Vi Vi Vil oo

0

[ B, Biz *
0
0

[ Vi V] B, * | =B[Ui U} Us]

0 *

Proposition 5.1.
AAL =1 BBl =1

Proof. There exist unitary matrices P, ) such that A, = PGQ. Since
ker G = 0, thus also ker A/ = 0, and A, has full row rank. Now, we can
use the proposition (3.4). Similarly for B,. O

From the GUPTRI decomposition we have
ViA, = AU, ViB, = BU, (8)
and

VlAZm + VQ = AUz VlBiz + V2 Teg = BU2 (9)

reg
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5.1.1 Singular part

We are looking for an invertible matrix W and a matrix J with only zero
eigenvalues, such that A,W = B, W.J. Let U, = null 4,. Let U A B UZ 1
for i = 2,...,m. Then AU; = B U, 1. For each i let U, = U},...,07],
where v = d1m2 U,. Let Vin = [U [ Uﬂn]. for for j=1,...,v

Let k7" < m is the biggest number, such that all the first £* columns or
V™ are linearly independent and let W{" consists of the first k]* columns of
Vi". For j =2,...,v, let kJ* < m is the biggest number such that all first
k" columns of V™ and all colums of W), are linearly independent and let
W consists of the first k7" columns of V. Let W™ = [Wy* ... W] and
J™ = diag{J",..., "}, where J™ is a Jordan block of zero eigenvalue and
dimy J* = k" for i = 1,...,v. Then for any m, A, W™ = B, W™J™ all
eigenvalues of J™ are zero, and all columns of W™ are linearly independent.

Proposition 5.2. For any eigenvector, x, of (A,, B,) of order m associated
with zero eigenvalue there exists a matriz A, such that x = W™A.

Proof. Let x1 is an eigenvector of (A,, B,) of order 1 associated with the
zero eigenvalue, then A,x; = 0, and there exists a matrix X;, such that
r; = W'X,. Let x)_; is an eigenvector of (4,, B,) of order k — 1, k > 1,
associated with the zero eigenvalue, and let + = W*~1X,_;, for some matrix
Xi_1. Let z; is an eigenvector of order k. There exists an eigenvector,
y;_1, of order k — 1 such that A,x;, = Byyp_1. Let 7 = AlB,yp_1, then
Ap(xg — Tg) = 0, hence x, = Ty, + U,Y, for some matrix Y;. There exists a
matrix Y,_; such that y,_; = W 1Y;,_;. Thus, 2, = UlYk—i-ATB WkE1Y,_,.
Consider i-th column of W*~! w,. By construction w; = Up for some p, q,

q < k — 1. Then, using the deﬁnition of U, Al Baw; = Ugﬂ But then
Ug 41 1s one of the columns of Wk or Uq . = WFA,; for some matrix A;.
Thus, in both cases, there exists a matrix A;, such that Ué’ = WEA,;.

Hence, AfB,w; = WFA; and AB,W* ! = WFA, where A = [Ay,...,A],
q = dim; W', Additionally, there exists a matrix I¥, such that U; = W*IE.
In this way we have, x;, = W*(I}Y), + AY)_1). This ends the proof. O

Proposition 5.3. Let A, = PGQ, B, = PHQ is the Kronecker decompo-
sition of the pair (A,, B,). Let G = diag{Gy,...,Gi}, dimy G; = m;, for
i=1,...,k, and m = max{my,...,my}. Then W,, is a square, invertible
matriz and rank W,,, = n, where n = dimy A,..

Proof. Let x is an eigenvector of order k < m of (A,, B,) associated with zero
eigenvalue. Then the exists a matrix A, such that = W,,A. By propositions
(4.2) and (3.8) each column of the matrix Q' is an eigenvector of (A,, B,)

11



of order £k < m associated with the zero eigenvalue. Lex ¢;, i = 1,...,n
is the 4-th column of @Q~!'. There exists A; such that ¢; = W,,A;. Thus,
Q7' =W,A, where A = [Aq,... Al

By construction, rank W,, = dimy W,,. Since rank Q= = n, thus rank W,, >
n. On the other hand dim; W,, = n, thus, rankW,, < n. Hence, n =
rank W,, = dim; W,,, = dimy, W,,,, and W, is a square, invertible matrix. [J

Let W = W,,, where m is given by the proposition (5.3). From (8) we
have

AU, = BUyW JW !

By construction, the matrix W.JW ! contains only zero eigenvalues.

5.1.2 Regular part

Because Bﬁeg is invertible, from (9) we have

Vi = BUy(B!, ) VIBH(BMQ)’1

reg

hence
AU = BU,E! + UIE))

T reg reg7

AU U ]

-1 =
B[ U, UH[W‘JXV =1
B

[0, Ui =

We must modify yet matrices U; and Us to fulfill stability conditions.
Let J; = {j € {1,2,...,q} : |§ui| > 1}. Let H”' consists of rows of the
matrix H with indices belonging to .J;. Let U* = [Uy, U. We are looking
for a matrix II’, such that H”UII' = 0 and there exist a matrix X%, such
that AU = BUII'S. Condition H”U'II* = 0 implies that there exists a
matrix A?, such that IT* = N’A’, where N = null( H”:U").

Observe that in case of general stability conditions there may exist solu-
tions to (1) which cannot be obtained by appropriate selection of eigenvalues
of the matrix pair (A, B). Let us consider the following problem

o la]-le ] e)

12



with the stability condition

t—>00

lim 21, —1] { G 1 ¥ =0

Then col(Uy, Us) = col(1, 1) and 3 = 1 solves this problem. From the Schur
decomposition we can select on of the eigenvalue equal 1. Then selected
eigenvectors are col(1,0) and col(0, 1), which do not satisfy stability condi-
tion.

Let us consider first eigenvectors of order 1 associated with the eigenvalue
1;. We are looking for a matrix Al such that AU'NA! = 1, BU'N'AL. On
the other hand AU’N'A} = BUE'N’A‘, hence BU (il — E)N'AL = 0.
Hence, A} = null BU?(y; I — =) N°.

Let us assume that for k& > 2 we have a matrix AL |, such that U'AL | is
an eigenvector of order k—1 associated with an eigenvalue 1;, and AU'N’AL_, =
wBUNIAL |+ BU'NAL ,Wi | for an appropriate matrix Wi . We are
looking for matrices A%, W! such that AU"NZ'A}; = uilS’(NﬂZ\fiAf€ + BUiNiAZ_l\PZ.
We have AUNAL = BUZ'NAL. Hence 0 = BU[(1;-Z) N, N*AL_,] col(AL, U})
and col(A%, Wh) = null BU[(j;] — Z)N*, NPAL_].

Let m is the smallest number satisfying dimy A’ = 0. Let us take U’ =

[UINPAL UNAL, ... U'N*A? ] and

Tl W0 e 0]
0 il W :
: : U
0 0wl

Then AU = BUYE. Let U = [Uy,UY,U?,...,U9 and ¥ = diag(WJW ™!,
SN2 %),

Proposition 5.4. Matrices U and X satisfy AU = BUY, limy_~, SEHUX! =
0 and rank U = rank U.

Proof. From the construction we have AU = BUX.

Fori=1,2,...,q, H"U" = 0. Let j € J;. The only eigenvalue of ¥¢ is
i, thus limy_< {;(Ei)t = 0. Additionally, for each j lim;_~ {;VV(J)WV*1
=0.

From (4.3) we have rank U < rank .

There exists a matrix Wy, such that &y = U; U,.

Let v is any eigenvector of (A, B) associated with an eigenvalue pu; for
i = 1,2,...,q such that H’v = 0. There exists a matrix II* such that

13



v = UII*. Condition H”v = 0 implies that there exist a matrix A? such that
v =U'N'A’, where Ni = null( H”:U").

Let v is an eigenvector of order 1. Then Av = 1;Bv, hence AU'NA? =
1 BUNA?. On the other hand AU'NA* = BU'ZINA?. Thus, 0 = BU(u; N*A'—
ZIN'AY = BU(ul — Z)N'A'. Hence, A' € ker BU (] — Z')N*, and
A" = AT for some matrix I'". In this way, v = U'N'AII" and there ex-
ists a matrix U! such that ®! = U'N'Ai WL,

Let for k—1 > 1 there exists a matrix \Ilf ! such that @1 = U/ NIAL WH1
Let v is an eigenvector of order k, such that there exists an eigenvector of
order k — 1, v,_1, associated with the eigenvalue ,ul, belonging to the space
spanned by <I>k ! Then there exists a matrix Hk , such that, AUINIA? =
pZBUZN’AUrB(I)’“ 5. Thus, o_BUZ[(MZ[—”Z)NZ NiAL ] col(AZ Gho1ght),
Hence, we have col(A?, \I/k k1 ¢ kerBU“[(uZ — =N N'A:_|]. In this
way there exists a matrix I, such that col(A?, WFTF1) = col(Aj,, W )T,
Thus, A! = AT v = U’NZAZ I, and there exists a matrix \Ifk such that
dF = U'NAL \I!k Using deﬁnltlon of U we have, that there exists a matrix
¥ such that ® = U, and thus rank U > rank U, Il

5.2 Regular pencil

In this section we assume that a matrix pair (A, B) is regular. Let us
consider generalized Schur decomposition of the matrix pair (A4, B)

VAU =Ty V'BU =Tpg

where matrices U and V' are orthogonal, the matrix T4 is quasi-upper tri-
angular, and the matrix Ty is upper triangular. Such a decomposition al-
ways exists. Let A\?, A2 are i-th eigenvalues of T4 and Tz respectively. Let
A = M/AB and let ) is a set of all distinct finite eigenvalues );. Let ¢ is a
size of the set .

Consider the i-th eigenvalue belonging to the set A, u;. Let us sort eigen-
values of Ty and T'g is such a way that all eigenvalues p; appears in left upper
block of T4 and Ts. Then

i Ai

o] | —aro u)
22
i Bi

v ]| —slu u)
22

where R, is quasi-upper triangular, Ry is upper-triangular, both matrices
have the same size, and all eigenvalues of (Ry)™1RYy are equal p;. This

14



implies
AU = VI R} BUj = Vi R} (10)
By assumption, the matrix Rp is invertible. Thus,
AUT = BUI (R R,

Let J; = {j € {1,2,...,q} : |§ui| > 1}. Let H”' consists of rows of the
matrix H with indices belonging to .J;. We are looking for a matrix IT* that
H7UIT* = 0 and there exists a matrix ¢ such that AU{IT® = BUJITYN.
We can construct matrices II° and X% in the same way as in case of singular
pencil. Regularity of the pencil (A, B) does not simplify the problem much.

If £ = ¢ for each j and ker H = 0, then we can obtain matrices U and
Y2 much easier. Consider ordering of eigenvalues in the Schur decomposition,
such that all eigenvalues p; satisfying |u;§| < 1 appears in the left upper
block of T4 and Tg. Then we can take ¥ = (RYy)™'RYy and U = Uj.

6 Construction of the solution

Assume that matrices U, @ solve AU = BU(Q, the matrix () satisfies
(6), U, has full row rank, and [C}, C5]U has full row rank. Consider the
svd decomposition of Uy, U, = MSN ', Because U, has full row rank, thus
S =[5, 0], where S is an invertible matrix. Let
0 I

S—1 g7
A:N[s M 0]

Then A is invertible and the matrix UA takes the form

I 0
UN=| -~ A
{ U Us }
Moreover AUA = BUAQ, where Q = A"'QA and Q satisfies (6). Let ¥; =
U21 and ng = UQQ. Let

@= Qa1 @

and let P, = Qq1, Po = Q12, S1 = @21, and Sy = ()25. In this way, assuming
w1 = 0, matrices Yy, Y, Pi, Ps, S1, 9o satisfy (5).
Now let us concentrate on the term wyyq in (5)

S |: Qll Q12 }

0= ((C1+CY)P = ers + ((C1+ CY)P+ GoYa v
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This equation must be fulfilled for all ¢4, and v;,1. Thus
I = (01 + C’gYi)Pg, 0=0C%Y5 + (01 + CgYi)PAL (11)

Because C + (oY = [C, C5)UA, the matrix [C], Cs]U has full row rank,
and A is an invertible matrix, hence C + C5Y] has full row rank. Then we
can take

Py = (C) + 02Y1)T, Py =—(C + C’zYl)JfC’QY2

However if Cy + (Y] is not square then there exist many solutions to (11).
In this way we have

Theorem 6.1. If there exist matrices U, Q, such that AU = BUQ), condition
(6) is fulfilled, U, has full row rank, and [Cy, Co)U has full row rank, then
there exists a linear solution to (1) satisfying (3).

Theorem 6.2. For any, possibly rectangular, matriz pair (A, B) consider
matrices QQ and U constructed in the previous section. There exists a solution
to (1) if and only if matrices U, and [C, Co]U have full row rank.

Proof. From (5.4) we have AU = BUQ, and condition (6) is fulfilled. Let
matrices U, and [C}, C]U have full row rank. Then, by theorem (6.1) there
exists a solution to (1) satisfying (3).

Let {Y;, P }2, is a linear solution to (1) satisfying (3). Then, by theorem
(2.5) there exist matrices V, S, such that AV = BV.S, condition (6) is
satisfied, V,, and [C}, C5]V has full rank. By the theorem (4.3) there exist
matrices A, =, such that V = WA, U = U=, where V is the matrix from the
theorem (4.3). Since rank U = rank ¥, (proposition (5.4)), thus = has full
row rank. Hence 2= = I, and ¥ = UZl. In this way V = UZTA. Since
V, = U,Z'A and V, has full row rank, thus also U, has full row rank. Next
[Cy, Co)V = [Cy, Co)UZTA. Since [C), C,]V has full row rank, thus also
[C1, C5)U has full row rank. O

From the proof of this theorem we have also

Proposition 6.3. Let {Y;, P;}°, is any linear solution to (1), such that (3)
holds. Then there exist a matriz A such that

[Yl Y2}:UyA

Proposition (6.3) shows, that any solution to (1) can be constructed from

the maximal solution by selecting appropriate eigenvectors from the matrix
U.
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7 Conclusions

We have developed an algorithm to compute a linear solution to general
linear rational expectation problem with general stability conditions. Since
the algorithm is based on numerically stable generalized Schur decomposition
in case of regular systems and GUPTRI decomposition in case of singular
system, also the algorithm is numerically stable. Besides standard solution,
the algorithm delivers also all set of sunspot solution. We have also obtained
both sufficient and necessary condition for existence of the solution to the
problem.
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